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Abstract
We construct a canonical frame for an arbitrary Gl(2)-structure thus solv-
ing the equivalence problem for Gl(2)-structures. Our treatment includes
also a problem of contact equivalence of ordinary differential equations and
applies to certain classes of vector distributions. Additionally we characterise
Gl(2)-structures which are defined by ODEs.
Keywords: Gl(2)-structure, frame bundle, problem of equivalence, ordinary
differential equations, distribution.
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1 Introduction
In the present paper we solve the equivalence problem for Gl(2)-structures. A Gl(2)-
structure on a manifoldM is a frame bundle onM with structure group Gl(2) which
acts irreducibly on fibres of the bundle. It follows that a splitting
TM = E ⊙ · · · ⊙ E︸ ︷︷ ︸
dimM−1
is given for a certain rank two bundle E over M , where ⊙ is a symmetric tensor
product. Equivalently, for any x ∈ M we can identify the tangent space TxM and
the space of homogeneous polynomials of order dimM − 1 in two variables with
natural Gl(2)-action.
In the recent years, Gl(2)-structures (known also under the name paraconformal
structures) attract much attention due to their connections to ODEs. The first re-
sult in this direction goes back to S-S. Chern [2] who considered equations of order 3
and proved that if an equation satisfies the so-called Wu¨nschmann condition then it
defines a canonical Gl(2)-structure on its solution space (in this case it is just a con-
formal Lorentz metric). The results in higher dimensions were obtained by R. Bryant
[1], M. Dunajski, P. Tod [5] and others [6, 8, 7, 9]. Besides, Gl(2)-structures ap-
pear also in the theory of distributions. For instance, in the paper [10] a link was
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found between Gl(2)-structures and distributions of type (3, 5, 6) with parabolic
symbol, whereas in the paper [11] a link was found between Gl(2)-structures and
(2k + 1, 2k + 3)-distributions with the so-called maximal first Kronecker index and
integrable square root.
In the case of dimension 3 all germs of conformal Lorentz metrics on three di-
mensional manifolds can be obtained from ODEs [7, 9]. Therefore the problem of
equivalence of Gl(2)-structures on manifolds of dimension 3 is reduced to the prob-
lem of equivalence of ODEs of order 3. This problem was solved by Chern [2] who
has constructed a Cartan connection taking values in sp(4,R) (see also [4]). On
the contrary, if the dimension of an underlying manifold is greater than 3 then a
generic Gl(2)-structure cannot be realised as an equation [9]. Therefore the problem
of equivalence of Gl(2)-structures is more general in this case. We solve it in the
present paper by constructing a canonical frame on a certain principal bundle and
proving:
Two Gl(2)-structures are equivalent if and only if the corresponding frames are equiv-
alent.
This gives the complete answer to the problem of equivalence of Gl(2)-strucutres
since the problem of equivalence of frames has a well known solution due to E. Cartan
(see [12]).
It is worth to mention here that in fact we solve an equivalence problem for
more general objects than Gl(2)-structures (see Section 2). As a by-product, we
provide a new solution to the problem of contact equivalence of ODEs (not only
for those ODEs which define Gl(2)-structures). In this case the coframe dual to
the canonical frame defines a Cartan connection. Our results also apply to above-
mentioned distributions of type (3, 5, 6) or (2k+1, 2k+3) (we refer to [10] and [11]
for details).
2 Preliminaries
A distribution D on a manifold M is a smooth subbundle of the tangent bundle.
If D has rank m then in a neighbourhood of any x ∈ M there exist vector fields
X1, . . . , Xm such that
D = span{X1, . . . , Xm}
and (X1, . . . , Xm) is called local frame of D. The set of smooth sections of D is
denoted Γ(D). If X ∈ Γ(D) then X is a vector field tangent to D. If D and E are
two distributions then we define their Lie bracket at a point x ∈M by the formula
[D, E ](x) = span{[X, Y ](x) | X ∈ Γ(D), Y ∈ Γ(E)},
where, on the right hand side [X, Y ] is the Lie bracket of vector fields. The definition
implies that D(x), E(x) ⊂ [D, E ](x). Further, we set adED = [E ,D] and define by
induction
adi+1
E
D = [E , adiED].
If dim adiED(x) is a constant function of x then ad
i
ED is a new distribution on M .
In [9] we have introduced the following notion
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Definition. A pair (X ,D) of two distributions on a manifold M is regular if
rkX = 1, rkD = 2, X ⊂ D and the following two conditions
(G1) rk adiXD = i+ 2 for i = 1, . . . , k.
(G2) adkXD = TM .
are satisfied.
We will say that two regular pairs are equivalent if there exists a diffeomorphism
which transforms one pair onto the other. As we will see below, on the one hand
regular pairs generalise the notion of ODEs and on the other hand they generalise
the notion of Gl(2)-structures.
Ordinary differential equations. If (F ) is an equation of order k + 1 given
in the form
x(k+1) = F (t, x, x′, . . . , x(k))
then we can consider M = Jk(R,R), the space of k-jets, with the canonical rank
two Cartan distribution C and the rank one distribution XF spanned by the total
derivative
XF = ∂t + x1∂x0 + · · ·+ xk∂xk−1 + F (t, x0, . . . , xk)∂xk ,
where (t, x0, . . . , xk) are natural coordinates on J
k(R,R). It is an easy task to check
that the pair (XF , C) is regular. Moreover two equations are contact equivalent if
and only if the corresponding regular pairs are equivalent. Regular pairs equivalent
(locally) to (XF , C) will be called of equation type.
Wu¨nschman condition and Gl(2)-structures. The Wu¨nschman condition
for a general ODE was introduced in [5]. It is equivalent to the vanishing of the
Wilczynski-Doubrov invariants [3]. In [9] we have shown that both Wilczynski in-
variants and Wu¨nschmann condition can be defined also for regular pairs. Namely, a
regular pair (X ,D) satisfies the Wu¨nschmann condition if there exists a local frame
(X, V ) of D such that X = span{X} and adk+1X V = 0 mod X . We have proved the
following
Theorem 2.1 There is one-to-one correspondence between germs of Gl(2)-structures
and germs of regular pairs satisfying Wu¨nschmann condition.
A direct, geometric, construction relating Gl(2)-structures and regular pairs is given
in [9] and we refer there for the proof of Theorem 2.1 above. Let us note here that if
a Gl(2)-structure is defined on a manifold of dimension k+1 then the corresponding
regular pair is defined on a manifold of dimension k + 2 (where k is a parameter
from the definition of regular pairs).
In the next sections we will consider the problem of equivalence of regular pairs.
It follows from above that this problem contains both: the problem of equivalence
of Gl(2)-structures and the problem of contact equivalence of ODEs. But, it is
more general than both of them, provided that k > 2. On the other hand, as we
mentioned in the Introduction, the problem of equivalence of Gl(2)-structures on
three dimensional manifolds has known solution. Therefore we will assume that
k > 2.
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3 Canonical bundle
In [9] we have proved the following
Proposition 3.1 For a given regular pair (X ,D) there exists a local frame (X, V )
of D such that X = span{X}, D = span{X, V } and
adk+1X V = 0 mod X, V, adXV, . . . , ad
k−2
X V. (1)
If (X ′, V ′) is a different frame of D satisfying (1) then there exist functions f, g on
M such that X ′ = fX, V ′ = gV mod X and
fX(g) = −
k
2
X(f)g, (2)
2fX2(f)−X(f)2 = 0. (3)
Proof. See [9, Proposition 4.1] 
Remark. Let R ∋ t 7→ γ(t) ∈ M be a curve such that X = γ∗
(
∂
∂t
)
and let
R ∋ t′ 7→ ϕ(t′) ∈ R be such that X ′ = γ∗ ◦ ϕ∗(
∂
∂t′
). Then (3) takes the form
2
...
ϕ
ϕ˙
− 3
(
ϕ¨
ϕ˙
)2
= 0,
i.e. S(ϕ) = 0 where S stands for Schwartz derivative. It follows that t and t′ are
related by Mo¨bius transformation
t′ =
at+ c
bt+ d
and thus we get Gl(2)-action on the set of solutions of (3).
Definition. Let (X ,D) be a regular pair and assume that X ∈ Γ(X ) and
V ∈ Γ(D) satisfy conditions of Proposition 3.1. Then X is called projective vector
field and V is called a normal vector field corresponding to X .
Note that it follows from (3) that the set of projective vector fields is 2-parameter
family (as a solution to ODE of order 2). Moreover, if we denote by j1X (x) the set
of 1-jets of sections of X at x ∈M then there is a natural bijection between j1X (x)
and the set of projective vector fields restricted to a segment of the integral line of
X passing through x. We immediately get from the Remark above that the affine
group Aff(1) acts regularly on j1X (x), where
Aff(1) =
{ (
a b
0 1
)
∈ Gl(2) | a, b ∈ R, a 6= 0
}
.
We are now in the position to construct a canonical principal bundle for a regular
pair (X ,D) on a manifold M . Let x ∈M and
E(X ,D)(x) = (D(x)/X (x))× j1X (x)
4
In above D(x)/X (x) is a quotient linear space of dimension 1 and Gl(1) acts on
D(x)/X (x). We define
E(X ,D) =
⋃
x∈M
E(X ,D)(x),
and it follows that E(X ,D) is a principal Gl(1)⊕Aff(1)-bundle over M . We call it
the canonical bundle of (X ,D). Note that the group Gl(1)⊕ Aff(1) is isomorphic
to the group T (2) ⊂ Gl(2) of upper triangular matrices. The isomorphism is given
by the formula
Gl(1)⊕Aff(1) ∋
(
(c),
(
a b
0 1
))
7→
(
ca cb
0 c
)
∈ T (2).
The canonical bundle E(X ,D) carries additional structures.
Projections. First of all we have the projection to the base manifold
π : E(X ,D)→M.
Besides, we have the following natural projections
πD : E(X ,D)→ D/X , πX : E(X ,D)→ X , π
1
X : E(X ,D)→ j
1X .
Fundamental vector fields. Since Gl(1)⊕Aff(1) acts on fibres of E(X ,D),
any vector ~a in Lie algebra gl(1)⊕aff(1) defines a fundamental vector field, denoted
A, on E(X ,D). We will distinguish the following fundamental vector fields
1. G - fundamental vector field corresponding to (1) ∈ gl(1),
2. F0 - fundamental vector field corresponding to
(
1 0
0 0
)
∈ aff(1),
3. F1 - fundamental vector field corresponding to
(
0 1
0 0
)
∈ aff(1).
We will abbreviate F = (F0,F1). Note that F1 ∈ ker πD∗ ∩ ker πX∗.
Partial Ehresmann connection. There is a natural rank one distribution
X˜ on E(X ,D) such that π∗(X˜ ) = X . Namely, it follows from Proposition 3.1
(equations (2)-(3)) that any point p ∈ E(X ,D) can be uniquely extended to a
curve t 7→ p(t) such that p(0) = p, t 7→ X(t) = πX(p(t)) is a projective vector
field along the integral line of X passing through π(p(0)) and t 7→ V (t) = πD(p(t))
mod X is a corresponding normal vector field along the integral line of X . We define
X˜ (p) = span{p˙(0)}.
4 Canonical frame
Our aim is to choose additional vector fields: X and Vi, i = 0, . . . , k such that the
tuple
(G,F0,F1,X,V0, . . . ,Vk)
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constitutes a frame on E(X ,D).
Definition. A frame (G,F0,F1,X,V0, . . . ,Vk) on E(X ,D) is adapted if the
following conditions
1. π∗(V
0(p)) = πD(p) for any p ∈ E(X ,D),
2. π∗(X(p)) = πX(p) and X(p) ∈ X˜ for any p ∈ E(X ,D),
3. Vi = adi
X
V0 for any i = 1, . . . , k,
are satisfied.
Note that the vector field X is uniquely defined by condition (2) above, since
X˜ is a rank one distribution and π∗(X(p)) = πX(p) chooses a unique vector in it.
In order to define Vi uniquely we will make a normalisation. For this we introduce
coefficients T pqr in the following way
[Vp,Vq] =
k∑
r=0
T pqr V
r mod X,G,F.
Remark. If one defines H˜ = span{X,V0, . . . ,Vk} then H˜ is a distribution
transversal to fibres of π : E(X ,D)→ M , i.e. an Ehresmann connection. Then T pqr
can be called torsion coefficients.
Now we are in position to prove our main result.
Theorem 4.1 Let (X ,D) be a regular pair on a manifoldM of dimension n = k+2,
where k ≥ 3. There exists the unique adapted frame on E(X ,D) satisfying conditions
T 010 = 0, T
01
1 = 0, T
01
2 = 0, T
03
3 = 0 (4)
Two pairs (X ,D) and (X ′,D′) are equivalent if and only if the corresponding frames
on E(X ,D) and E(X ′,D′) are diffeomorphic. The group of symmetries of (X ,D) is
at most k + 5-dimensional and it attains maximal possible dimension if and only if
(X ,D) is equivalent to the regular pair corresponding to the trivial equation: x(k+1) =
0. The following structural equations are satisfied:
[G,X] = 0, (5)
[F0,X] = −X, (6)
[F1,X] = −2F0 − kG, (7)
[G,Vi] = Vi, (8)
[F0,Vi] = −iVi, (9)
[F1,Vj] = i(i− 1− k)Vi−1 mod X,G,F. (10)
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Proof. Let us first introduce local coordinates on E(X ,D). Let X be a projective
vector field and let V be a corresponding normal section of D. Let j1X(x) denotes
a 1-jet of X at x ∈ M and let V˜ (x) = V (x) mod X be an element of the quotient
space D(x)/X (x). Then arbitrary p ∈ E(X ,D)(x) can be uniquely written in the
form p = R(G,F )(V˜ (x), j
1X(x)) for certain G ∈ Gl(1) and
F =
(
F0 F1
0 1
)
∈ Aff(1),
where R(G,F ) stands for the right action of the group on the bundle. In this way
local coordinates (G,F ) on fibres of E(X ,D) are introduced. Using the coordinates
we can treat X and V as vector fields on E(X ,D), not only on M . Moreover, it is
straightforward to see that in the coordinates
G = G∂G, F
0 = F0∂F0 , F
1 = F0∂F1 .
Additionally we have
Lemma 4.2
X =
1
F0
X − 2
F1
F0
F0 −
(F1)
2
(F0)2
F1 − k
F1
F0
G.
Proof. Let us assume that X = ∂t is a projective vector field and let f and g be
functions from Proposition 3.1. Then x0 = f , x1 = f˙ and y = g can be taken as
coordinates on fibres of E(X ,D). Then, equations (2) and (3) imply that a partial
Ehresmann connection X˜ on E(X ,D) is given by the formula
X˜ = span
{
∂t + x1∂x0 +
x21
2x0
∂x1 −
1
2
x1
x0
y∂y
}
,
since g˙ = −k
2
f˙
f
g and f¨ = f˙
2
2f
. We are going to change coordinate systems from
(x0, x1, y) to (F0, F1, G). First of all G = y. Moreover, if t
′ = F0t
F1t+1
is a parameter
corresponding to the projective vector field fX then on the submanifold {t = 0}
f(0) =
1
F0
, f˙(0) =
2F1
F0
.
Thus (F0, F1) and (x0, x1) are related by the diffeomorphism Φ: (F0, F1) 7→
(
1
F0
, 2F1
F0
)
.
Computing DΦ−1 and applying it to X˜ we get
X˜ = span
{
X − 2F1F
0 −
(F1)
2
F0
F1 − kF1G
}
.
Taking into account the condition π∗(X(p)) = πX(p) we get the desired formula for
X and Lemma 4.2 is proved. 
The rest of the proof of Theorem 4.1 is divided into three parts. At the beginning
we will construct canonical frame, then we will show that structural equations are
satisfied and finally we will consider the most symmetric case.
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Construction of the canonical frame. We will work in local coordinates as
before. We can write
V0 = GV + αX+ βG+ γ0F
0 + γ1F
1.
Our aim is to prove that functions α, β, γ0, γ1 are uniquely defined by (4).
We use Lemma 4.2 and compute that
V1 = [X,V0j ]
=
G
F0
(adXV − kF1V ) + (X(α) + γ0)X+ (X(β) + kγ1)G mod F.
Then, by induction, we get
Vi =
G
(F0)i
(
adiXV + c
i
i−1F1ad
i−1
X V + · · ·+ c
i
1F
i−1
1 adXV + c
i
0F
i
1V
)
mod X,G,F,
for i = 2, . . . , k where cij are certain rational numbers which exact values are not
important for us. We compute that
[V0,V1] =
G2
F0
[V, adXV ]− (X(β) + 2kγ1)V
0
− (X(α)− β + 2γ0)V
1 + αV2 mod X,G,F,
and
[V0,V3] =
G2
(F0)3
(
3∑
j=0
c3jF
3−j
1 [V, ad
j
XV ]
)
+ (β − 3γ0)V
3 + αV4 mod V0,V1,V2,X,G,F,
where in above we assumed that k ≥ 4. If k = 3 then the term αV4 is replaced
by c˜αV3 for a certain function c˜ on E(X ,D), but it does not change the reasoning
below.
Since vector fields adiXV , i = 0, . . . , k, together with X span the whole tangent
bundle TM , we can express the Lie bracket [V, adjXV ] in terms of ad
i
XV and X .
However, we can also write [V, adjXV ] =
∑
i c
j
iV
i
j mod X,G,F, for some functions
cji on E(X ,D). Then we are able to rewrite condition (4) in terms of unknown
functions α, β, γ0 and γ1. We get the following system of equations
X(β) + 2kγ1 = C1, (11)
X(α) + 2γ0 − β = C2, (12)
α = C3, (13)
β − 3γ0 = C4 (14)
where C1, C2, C3 and C4 are certain functions on E(X ,D) (in the case k = 3
equation (14) takes the form β − 3γ0 + c˜α = C4). Now, the system (11)-(14) can
be easily solved for α, β, γ0 and γ1 and the solution is unique. This proves the first
part of Theorem 4.1.
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Structural equations. At the beginning we use Lemma 4.2 and directly com-
pute that (5)-(7) are satisfied. To prove (8)-(10) it is sufficient to show that they
are satisfied for i = 0. Then, we consider [X, [G,Vi]], [X, [F0,Vi]] and [X, [F1,Vi]]
and apply Jacobi identity. By a simple induction, using (5)-(7) we get (8)-(10) in
full generality. For example, taking [X, [F1,Vi]], on the one hand we get
[X, [F1,Vi]] = [F1,Vi+1] + [2F0 + kG,Vi] = [F1,Vi+1] + (k− 2i)Vi mod X,G,F
and on the other hand we get
[X, [F1,Vi]] = i(i− 1− k)[X,Vi−1] = i(i− 1− k)Vi mod X,G,F.
Combining the two expressions above we get
[F1,Vi+1] = (i(i− 1− k)− k + 2i)Vi = (i+ 1)(i− k)Vi mod X,G,F
as required.
A validation of relation (10) for i = 0 is immediate taking into account the
formula for V0. Moreover, it is also clear, that (8) and (9) also hold modulo X,
G and F. Thus we can assume that [G,V0] = V0 + Φ and [F0,V0] = Ψ for some
Φ,Ψ ∈ span{X,G,F}. We shall show that Φ = Ψ = 0. For this, let us notice first
that condition (4) is equivalent to
[V0,V1] = 0 mod V3, . . . ,Vk,X,G,F, (15)
[V0,V3] = 0 mod V0,V1,V2,V4, . . . ,Vk,X,G,F (16)
and we already know that Lie bracket with G and F0 preserve the right hand side
of (15) and (16). Therefore it follows that
[G, [V0,V1]] = 0 mod V3, . . . ,Vk,X,G,F, (17)
[F0, [V0,V1]] = 0 mod V3, . . . ,Vk,X,G,F (18)
and
[G, [V0,V3]] = 0 mod V0,V1,V2,V4, . . . ,Vk,X,G,F (19)
[F0, [V0,V3]] = 0 mod V0,V1,V2,V4, . . . ,Vk,X,G,F. (20)
Now, if we expand the left hand sides of (17)-(20) and use (15)-(16) we get that
both V˜i = adi
X
(V0 + Φ) and V̂i = adi
X
(V0 +Ψ) satisfy condition (4).
For instance, Jacobi identity applied twice to (18) implies
[Ψ,V1] + [V0,V1 + [X,Ψ]] = 0 mod V3, . . . ,Vk,X,G,F
and since [Ψ, [X,Ψ]] = 0 mod X,G,F we get
[V̂0, V̂1] = 0 mod V3, . . . ,Vk,X,G,F.
Similarly, applying Jacobi identity to (20), taking into account the relation [F0,V3] =
3V3 mod X,G,F and using (16) we get
[Ψ,V3] = 0 mod V0,V1,V2,V4, . . . ,Vk,X,G,F.
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Then it follows that
[V̂0, V̂3] = 0 mod V0,V1,V2,V4, . . . ,Vk,X,G,F
and thus V̂i satisfy (4) (the reasoning for V˜i is analogous).
Now, the two frames: (G,F0,F1,X, V˜0, . . . , V˜k) and (G,F0,F1,X, V̂0, . . . , V̂k)
are adapted. But we have already proved that there is a unique adapted frame
satisfying (4). Therefore Φ = Ψ = 0.
Remark. The Lie bracket with F1 does not preserve the right hand side of
(15) and (16). Therefore equation (10) is satisfied modulo X, G and F only.
Uniqueness of the model with maximal symmetry group. If the dimen-
sion of the symmetry group is maximal possible then structural functions of the
canonical frame are constant. It follows from the structural equations that we only
have to consider Lie brackets involving Vi in order to determine when all structural
functions are constant. Note that vector fields Vi are linear in G. On the other
hand X, G, F are homogeneous of order 0 in G. It follows that structural functions
of the Lie brackets [Vi,Vj] are either homogeneous of order one or two. Thus, in the
most symmetric case all of them vanish. Similarly the structural functions next to
X, G and F of Lie brackets [F0,Vi] and [F1,Vi] vanish and the remaining, possibly
non-trivial, structural functions are those next to Vj for the Lie bracket [X,Vk].
We have
[X,Vk] = w0V
0 + · · ·+ wkV
k,
for some wi. We claim that all wi are homogeneous of order k+ 1− i in F0. Indeed
in local coordinates on E(X ,D) the vector fields Vi are homogeneous of order −i in
F0 (at least modulo X,G,F). Additionally we see that [X,V
k] is of order −(k+1).
Thus wi is homogeneous of order k+1− i. As a conclusion we get that all wi vanish
provided that they are constant. In this way we have proved uniqueness of the most
symmetric model of regular pairs (X ,D). On the other hand it is well known that
the trivial system x(k+1) = 0 has group of contact symmetries of dimension equal to
dimE(X ,D). In this way the proof of Theorem 4.1 is completed. 
As a direct consequence of Theorem 4.1 and Theorem 2.1 we get the solution to
the problem of equivalence of Gl(2)-structures. In particular we get that a Gl(2) on
k+1-dimensional manifold has k+5-dimensional algebra of infinitesimal symmetries
if and only if it is flat.
5 Appendix. Remarks on ODEs
In Appendix we will provide some more remarks on our canonical frame in the case
of regular pairs of equation type. In [9] we have proved that a pair (X ,D) is of
equation type (in the sense of Section 2) if rkD(i) = i + 1, i = 0, . . . , k, where
D(1) = D and
D(i+1) = [D(i),D(i)]
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i.e. D is Goursat distribution. Since adi−1
X
D ⊂ D(i) it follows from (G1)-(G2) that
adi−1X D = D
(i).
Now, for a general pair (X ,D), let us denote D˜ = π−1∗ (D), where as before
π : E(X ,D)→M is the projection. Then, since D˜ = {V0,X,G,F}, it follows from
(5)-(10) that
D˜(i) = π−1∗ (D
(i))
and we get the following characterisation of regular pairs of equation type in terms
of torsion invariants T pqr .
Proposition 5.1 If (X ,D) is of equation type then
D˜(i) = adi−1
X
D˜ = span{V0, . . . ,Vi−1,X,G,F}.
In particular T pqr = 0 for r > max{p, q} + 1. Conversely, if T
pq
r = 0 for r >
max{p, q}+ 1 then D˜(i) = adi−1
X
D˜ and (X ,D) is of equation type.
For regular pairs of equation type we can strengthen Theorem 4.1.
Proposition 5.2 If (X ,D) is of equation type then
[F1,Vj] = i(i− 1− k)Vi−1. (21)
Proof. If (X ,D) is of equation type then, since [V0,V1] ∈ D˜(3) we get that condition
(15) is equivalent to
[V0,V1] = 0 mod X,G,F. (22)
Applying twice the Lie bracket with X to both sides of the above equation we get
[V0,V2] = 0 mod X,G,F
and
[V0,V3] + [V1,V2] = 0 mod X,G,F.
The last identity implies that [V0,V3] = −[V1,V2] mod X,G,F. But [V1,V2] ∈
D˜(4) and thus [V0,V3] ∈ D˜(4). Therefore, condition (16) takes the form
[V0,V3] = 0 mod V0,V1,V2,X,G,F. (23)
Now, note that the right hand sides of both (22) and (23) are invariant with respect
to taking Lie bracket with F1. Therefore we can apply the same reasoning as in the
proof of (8) and (9) in Section 4 and in this way we get (21). 
Let us denote
H = 2F0 + kG, Y = F1,
and
Wi =
1
i!
Vi
Then we have easily compute
[X,Y] = H, [H,X] = −2X, [H,Y] = 2Y,
[G,X] = 0, [G,Y] = 0, [G,H] = 0,
11
and, if (X ,D) is of equation type, then
[X,Wi] = (i+ 1)Wi+1, [Y,Wi] = −(k − i+ 1)Wi−1,
[H,Wi] = −2iWi, [G,Wi] =Wi.
It follows from above that the coframe onE(X ,D) dual to (G,H,X,Y,W0, . . . ,Wk)
is a Cartan connection of type (T (2), G) with G being a semidirect product of Gl(2)
and Rk+1 where Gl(2) acts irreducibly on Rk+1.
References
[1] R. Bryant, Two exotic holonomies in dimension four, path geometries, and
twistor theory, Proc. Sympos. Pure Math. 53 (1991), 33-88.
[2] S-S. Chern, The Geometry of the Differential Equation y′′′ = F (x, y, y′, y′′), Sci
Rep. Nat. Tsing Hua Univ., 4 (1940), pp. 97-111.
[3] B. Doubrov, Contact trivialization of ordinary differential equations, Differen-
tial Geometry and Its Applications, Proc. Conf., Opava, 2001, 73-84.
[4] B. Doubrov, B. Komarkov, T. Morimoto, Equivalence of holonomic differential
equations, Lobachevskii Journal of Math., vol. 3, 1999, 39-71.
[5] M. Dunajski, P. Tod, Paraconformal geometry of n-th order ODEs, and exotic
holonomy in dimension four, J. Geom. Phys., 56 (2006), pp. 1790-1809.
[6] M. Dunajski, M. Godlinski, GL(2, R) structures, G2 geometry and twistor the-
ory, arXiv:math/1002.3963. Quart. J. Math (2010).
[7] S. Frittelli, C. Kozameh, E. T. Newman, Differential Geometry from Differential
Equations, Commun. Math. Phys. 223, 383 408 (2001).
[8] M. Godlin´ski, P. Nurowski, GL(2,R) geometry of ODE’s, arXiv:0710.0297v1
[math.DG].
[9] W. Kryn´ski, Paraconformal structures and differential equations, Differential
Geometry and its Applications Volume 28, Issue 5, October 2010, Pages 523-
531.
[10] W. Kryn´ski, Parabolic (3, 5, 6)-distributions and Gl(2)-structures, preprint
(2010), arXiv:1012.0710v1 [math.DG].
[11] W. Kryn´ski, I. Zelenko, Canonical frames for distributions of odd rank and
corank 2 with maximal first Kronecker index, Journal of Lie Theory, to appear,
arXiv:1003.1405 (2010).
[12] P. Olver, Equivalence, Invariants, and Symmetry, Cambridge University Press,
1995.
12
